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Abstract
We study chiral symmetries of fermionic non commutative dipole the-
ories. By using Fujikawa’s approach we obtain explicit expressions of the
anomalies for Dirac and chiral fermions in 2 and 4 dimensions.
1 Introduction
Noncommutative field theories have proven to be a rich nonlocal generalization
of ordinary field theories, with appealing connections with string theories (see
ref.[1] for a complete list of references). Apart from noncommutative theories
in the Moyal plane, basically defined by the coordinate commutator algebra
[xµ, xν ] = iθµν (with θµν the constant antisymmetric matrix measuring non-
commutativity), other nonlocal field theories, known as “dipole field theories”
have recently been proposed [2]-[5]. In fact, a key feature of noncommutative
field theories is that they describe the dynamics of dipole-like objects, with
electric dipole moment related to their momentum according to [6]-[8]
Lµ ∼ θµνpµ (1)
Dipole theories share this property but they are much simpler, their intrinsic
dipole vectors Lµ being constants.
Dipole theories were obtained in [2] by studying T-duality of twisted non-
commutative gauge theories. They can also be connected with Dp-branes pinned
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by a potential related to the B field [3]. They are also interesting theories per se:
they show signs of CP and CPT violations, they allow to define sensible non-
commutative SU(N) gauge theories and supersymmetric extensions and they
could be used to build up a noncommutative version of the Standard model [5].
In this work we discuss the issue of anomalies in dipole gauge theories. First,
we study the U(1) chiral anomaly for a U(N) dipole gauge theory coupled to
Dirac fermions both in the fundamental (or anti-fundamental) and adjoint repre-
sentations. Then, we consider the case in which fermions have a chiral coupling
to the gauge field, thus studying gauge anomalies in dipole theories. Our analy-
sis can be summarized as follows. We first consider a dipole theory consisting of
Dirac fermions coupled to U(N) gauge fields. We study the conservation of the
U(1) chiral current both in d = 2 and d = 4 dimensions. Using a path-integral
approach, we show that there is a chiral anomaly which, for fermions in the
“fundamental” or “antifundamental” representations, could be trivially inferred
from the corresponding result in ordinary (commutative) theories by an appro-
priate renaming of the gauge fields. In contrast, when fermions are considered
in the “adjoint” a genuine new and non trivial result is obtained. A distinctive
feature should be signaled in comparison with Moyal noncommutative theories:
for vanishing dipole length one recovers the trivial result to be expected for
fermions in the adjoint in ordinary theories, in contrast with what it happens
for Moyal theories due to the IR/UV mixing [9]-[15]. We also consider the issue
of gauge anomalies in dipole theories with Weyl fermions. Using the Fujikawa
approach, we analyze the covariant form of the gauge current anomaly finding
in this case that the U(1) and SU(N) contributions have a mixed dependence
on the dipole length so that the result cannot be related, even for the funda-
mental or antifundamental representations, to that in commutative theories by
a renaming of the gauge fields.
2 The chiral anomaly
Given two functions φ(x), χ(x), defined in d dimensional Euclidean space-time,
the “dipole star product” is defined as
φ(x) ∗ χ(x) ≡ φ(x− Lχ
2
)χ(x +
Lφ
2
) (2)
where Lφ (Lφ = (L
µ
φ), µ = 1, 2, . . . , d) is a constant vector measuring the “dipole
length” associated with φ. This noncommutative product is associative provided
that
Lφ∗χ = Lφ + Lχ . (3)
Given N functions φa(x) (a = 1, 2, . . . , N) satisfying
N∑
a=1
Laφ = 0 , (4)
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one can use integration over Rd to define a trace-like operation∫
ddxφ1 ∗ φ2 ∗ . . . ∗ φN−1 ∗ φN =
∫
ddxφN ∗ φ1 ∗ φ2 ∗ . . . ∗ φN−1 . (5)
Calling φ† the complex (hermitian) conjugate of φ one can see that(
φ† ∗ φ) = (φ† ∗ φ)† ⇔ Lφ = −Lφ† . (6)
For a fermionic field ψ(x), one then has
Lψ¯ = −Lψ , (7)
while real fields should have zero dipole length. In particular, for gauge fields
Aµ, one necessarily has
LAµ = 0 . (8)
This in turn implies that the field strength has the form it takes for ordinary
products since, being the dipole length zero, Aµ(x) ∗Aν(x) = Aµ(x)Aν (x).
We shall consider in this section the case of Dirac fermions ψ coupled to U(N)
gauge fields, Aµ(x) = A
a
µ(x)t
a with ta the U(N) generators (a = 0, 1, . . . , N2 −
1), normalized according to
trg(tatb) =
1
2
δab . (9)
Under local gauge transformations, Aµ(x) changes as
Aµ(x) → Agµ(x) = g(x) ∗Aµ(x) ∗ g−1(x)−
i
e
∂µg(x) ∗ g−1(x)
= g(x)Aµ(x)g
−1(x)− i
e
∂µg(x)g
−1(x) (10)
with g(x) ∈ U(N). Concerning Dirac fermions, one can define, as for the ordi-
nary Moyal product, gauge transformations in a “fundamental” representation,
ψ(x) → ψg(x) = g(x) ∗ ψ(x)
ψ¯(x) → ψ¯g(x) = ψ¯(x) ∗ g−1(x) . (11)
Alternatively, one can consider an “antifundamental” representation with fer-
mions transforming as
ψ(x) → ψg(x) = ψ(x) ∗ g−1(x)
ψ¯(x) → ψ¯g(x) = g(x) ∗ ψ¯(x) . (12)
Finally, there is the possibility of fermions in the “adjoint” representation. Un-
der gauge transformations, they change according to
ψ(x)→ ψg(x) = g(x) ∗ ψ(x) ∗ g−1(x) (13)
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with ψ = (ψji ), i, j = 1, 2, . . . , N . The corresponding covariant derivatives take
the form
Dfµ[A]ψ(x) = i∂µψ(x) + eAµ(x) ∗ ψ(x) = i∂µψ(x) + eAµ(x−
Lψ
2
)ψ(x)
Df¯µ[A]ψ(x) = i∂µψ(x) − eψ(x) ∗Aµ(x) = i∂µψ(x)− eψ(x)Aµ(x+
Lψ
2
)
Dadµ [A]ψ(x) = i∂µψ(x) + e[Aµ(x), ψ(x)]
= i∂µψ(x) + eAµ(x− Lψ
2
)ψ(x) − eψ(x)Aµ(x+ Lψ
2
) . (14)
For each one of the previous cases, one can construct a gauge invariant Dirac
action,
S[ψ¯, ψ,A] =
∫
ddxψ¯(x) ∗ γµDµ[A]ψ(x) (15)
S[ψ¯g, ψg, Ag] = S[ψ¯, ψ,A] , (16)
where a trace over the gauge group indices is implicit in the definition of the
action.
At the classical level, the action (15) is also invariant under global U(1)
chiral rotations. For all three representations the global chiral rotation (with
infinitesimal phase δφ) takes the same form,
ψ(x)→ ψδφ = exp (γ5δφ)ψ(x)
ψ¯(x)→ ψ¯δφ = ψ¯(x) exp (γ5δφ)
S[ψ¯δφ, ψδφ, A] = S[ψ¯, ψ,A] . (17)
At the quantum level, the fermionic effective action Seff [A] is defined by
exp (−Seff [A]) =
∫
Dψ¯Dψ exp
(−S[ψ¯, ψ,A]) ≡ det ( 6D[A]) . (18)
As in the ordinary case, a path-integral measure for Dirac fermions can be
defined so that the resulting effective action is gauge invariant,
Seff [A
g] = Seff [A] . (19)
Nevertheless, the chiral invariance of the quantum effective action is not a
priori guaranteed, that is, an anomaly could arise.
In order to analyze this issue, we shall follow Fujikawa’s approach (see [16]-
[17] for details). In particular, we shall focus on the adjoint representation since
as we shall discuss later, the results for the other two cases (fundamental and an-
tifundamental representations) can be trivially derived from the corresponding
results in ordinary commutative field theories.
Expanding the fermion field in an appropriate basis {ϕn(x)} with Grassman
coefficients cn
ψ(x) =
∑
cnϕn(x) , ψ¯(x) =
∑
c¯nϕn(x)
† , (20)
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the path-integral measure is formally defined as
Dψ¯Dψ ≡ Πdc¯ndcn . (21)
One then promotes the global chiral rotation (17) to a local change of variables
in the path-integral. In noncommutative space, there are various possibilities
to do this. One can consider the following three
ψ(x)→ ψδφ = exp (γ5δφ(x)) ∗ ψ(x)
ψ¯(x)→ ψ¯δφ = ψ¯(x) ∗ exp (γ5δφ(x)) (22)
ψ(x)→ ψδφ = ψ(x) ∗ exp (γ5δφ(x))
ψ¯(x)→ ψ¯δφ = exp (γ5δφ(x)) ∗ ψ¯(x) (23)
ψ(x)→ ψδφ(x) = exp (γ5[δφ(x), ]∗)ψ(x)
ψ¯(x)→ ψ¯δφ(x) = ψ¯(x) exp ([ , δφ(x)]∗γ5) . (24)
To each of these transformations it corresponds the following classically con-
served currents
j5 (1)µ (x) = i (γµγ5)
αβ
trg
(
ψβ(x) ∗ ψ¯α(x))
j5 (2)µ (x) = i (γµγ5)
αβ trg
(
ψ¯α(x) ∗ ψβ(x))
j5 (3)µ (x) = i (γµγ5)
αβ
trg
(
ψβ(x) ∗ ψ¯α(x) + ψ¯α(x) ∗ ψβ(x)) (25)
respectively. Notice that, in view of the definition of the dipole product,
j5 (1)µ (x) = −j5 (2)µ (x+ L)
and then in the commutative (L→ 0) limit both currents coincide. Concerning
j
5 (3)
µ (x), it is the current which naturally couples in the adjoint to an axial U(1)
vector field and it vanishes in the L→ 0 limit.
These change of variables could in principle give rise to a non-trivial Jacobian
J in the path-integral measure,
Dψ¯δφDψδφ = J2Dψ¯Dψ . (26)
Using that δZ/δφ(x) = 0 , one obtains the anomaly equation
〈∂µj5µ〉 = A(x) (27)
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Let us concentrate for definiteness in the case of current j
5 (3)
µ (x). The anomaly
A appearing in the r.h.s. of (27), is related to the Fujikawa Jacobian through
the formula
A(x) = δ log J
2
δφ(x)
. (28)
It takes the form
A = 4trg
∑
n
γαβ5
(
ϕαn ∗ ϕ†n
β − ϕ†n
α ∗ ϕβn
)
. (29)
Expression (29) is ill defined and has to be appropriately regulated. A gauge-
invariant result can be obtained by using as a basis the set of eigenfunctions of
the Dirac operator 6D (in the appropriate representation) and then introducing
a 6D-based heat-kernel regularization so that one ends with a finite answer Areg
A(3)reg(x) = 4 lim
t→0
trg
∑
n
γαβ5
((
exp
(−tγµγνDadµ Dadν )ϕn)α ∗ ϕ†nβ
−ϕ†n
α ∗ ((exp (−tγµγνDadµ Dadν )ϕn)β) . (30)
The final expression of the anomaly depends on the space-time dimension-
ality d. Indeed, for a 2-dimensional (4-dimensional) theory only the lineal
(quadratic) term in an expansion on t contributes to the result. A standard
(but tedious) calculation leads to,
A(3) (d=2)reg (x) =
eN
2pi
√
N
2
εµν
(
F 0µν(x− L) + F 0µν(x + L)− 2F 0µν(x)
)
(31)
A(3) (d=4)reg (x) =
e2N
8pi2
[
F aµν (x+ L)F˜
a
µν(x+ L)− F aµν(x− L)F˜ aµν(x− L)
−2 (F 0µν(x+ L)− F 0µν(x− L)) F˜ 0µν (x)] . (32)
with F˜µν =
1
2εµναβFαβ .
An analogous calculation can be performed for the anomaly associated to
currents j
5 (1)
µ and j
5 (2)
µ . One gets
A(1) (d=2)reg (x) =
eN
2pi
√
N
2
εµν
(
F 0µν(x+ L)− F 0µν(x)
)
(33)
A(1) (d=4)reg (x) =
e2N
8pi2
[
F aµν(x + L)F˜
a
µν(x+ L) + F
a
µν(x)F˜
a
µν (x)
−2F 0µν(x+ L)F˜ 0µν(x)
]
. (34)
One gets similar results for the case of current j
5 (2)
µ .
It is instructive to compare these result with those arising in the commutative
case and with those corresponding to noncommutative theories defined using the
Moyal product. Taking the limit L → 0 in (31)-(32) we see that the anomaly
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vanishes in agreement with the trivial result one should expect in ordinary space
since j
5 (3)
µ = 0 in that case. This should be contrasted with the non-trivial
answer one finds for the anomaly in the θ → 0 (i.e. commutative) limit of Moyal
noncommutative theories, as a result of the well-understood IR/UV mixing
taking place in this case. Concerning currents j
5 (1)
µ and j
5 (2)
µ the corresponding
anomalies vanish in the L → 0 limit for d = 2 but give a nontrivial result for
d = 4, which coincide with the standard commutative results.
Let us end this section by briefly describing the dipole-product anomaly cal-
culation for the case of the fundamental and anti-fundamental representations.
In principle one could follow the same steps than for the adjoint representation.
Nevertheless we can obtain the results directly by noticing that by renaming
the field Aµ(x − L/2) = aµ(x) and Aµ(x + L/2) = aµ(x) for the fundamental
and antifundamental representations the theories are formally identical to the
ordinary commutative field theories. For the fundamental representation one
obtains
〈∂µj5µ〉 = Af (x) (35)
where
j5µ = i (γµγ5)
αβ
ψ(x)β ∗ ψ¯(x)α (36)
and
Af(d=2)reg (x) = −
e
√
N
2
√
2pi
εµνF
0
µν(x) (37)
Af(d=4)reg (x) =
e2
8pi2
F˜ aµν(x)F
a
µν (x) . (38)
3 Gauge anomalies in theories with Weyl fer-
mions
In this section we shall analyze the case of Weyl fermions. As before, the results
in the fundamental and antifundamental representations are trivially obtained
by redefinitions of the gauge fields. We shall therefore consider the case of
fermions in the adjoint representation. The action for this theory is
S[ψ¯, ψ,A] =
∫
ddx ψ¯(x) ∗D+ψ(x) + Sg[A] . (39)
In this case, the Dirac operator D+ reads
D+ = i6∂ + eγµP+ [Aµ, · ]∗ (40)
where
P± =
1
2
(1± γ5) . (41)
and Sg[A] denotes the gauge fields action.
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Notice that the chiral Dirac operatorD+ is not Hermitian. In fact, its adjoint
is given by
D†+ = D− = i6∂ + eγµP− [Aµ, · ]∗ . (42)
The action is invariant under the following chiral gauge transformations
ψ → ψ′ = eiP+[α,·] ψ = P+eiα ∗ ψ ∗ e−iα + P−ψ
ψ¯ → ψ¯′ = ψ¯ e−iP−[·,α] = eiα ∗ ψ¯ ∗ e−iαP− + ψ¯P+
Aµ → A′µ = eiα ∗Aµ ∗ e−iα +
i
e
eiα ∗ ∂µe−iα . (43)
The current associated to this symmetry is classically conserved but due to the
chiral nature of the transformation the conservation is anomalous. The current
has two contributions, one from the matter fields and other from the gauge
fields. Only the matter contribution to the current
(jµm)ab =
(
ψ¯αac ∗ ψβcb + ψβac ∗ ψ¯αcb
)
(γµP+)
αβ (44)
is anomalous so we will concentrate on it. At the classical level it satisfies a
covariant conservation law,
Dµjµm = ∂µjµm − ie[Aµ, jµm] = 0 . (45)
We shall discuss the covariant form of the gauge anomaly adopting Fujikawa
recipe [16]-[15] which uses as basis for fermion fields the eigenfunctions of the
Hermitian operators D+D− and D−D+. That is, one considers the eigenvalue
problems
D−D+ϕn = λ
2
nϕn
D+D−φn = λ
2
nφn
φn =
1
λn
D+ϕn if λn 6= 0 and D+ϕn = 0 if λn = 0
ϕn =
1
λn
D−φn if λn 6= 0 and D−φn = 0 if λn = 0 (46)
and expands the fermion variables in the form
ψ(x) =
∑
cnϕn(x) , ψ¯(x) =
∑
c¯nφ
†
n . (47)
Again, the path-integral measure is defined as in (21)
Dψ¯Dψ ≡ Πdc¯ndcn . (48)
Performing a chiral gauge transformation of fermion variables, we obtain for the
anomaly 〈
(Dµjµm)ab
〉
= −δ log(J¯J)
δαba
= Aab(x) (49)
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with J and J¯ being the Jacobians associated to the chiral gauge transformation
of ψ and ψ¯. Since the chiral Dirac operators are non-Hermitian, those Jacobians
are different and must be computed independently. After standard computation
we have
A(x) = −2i tr
(∑
n
P+
[
ϕn(x), ϕ
†
n(x)
] −∑
n
P−
[
φn(x), φ
†
n(x)
])
(50)
where the trace is taken only over the Dirac indices. This quantity is ill defined
and has to be regularized. A gauge covariant regularized expression is given by
Areg(x) = −2i lim
t→0
tr
(∑
n
P+
[
e−tD−D+ϕn(x), ϕ
†
n(x)
]−
∑
n
P−
[
e−tD+D−φn(x), φ
†
n(x)
])
. (51)
Changing the eigenstate basis to plane-wave functions and using the identity
P+ e
−tD−D+ − P− e−tD+D− = γ5 e−t6D (52)
where 6D is the standard Dirac operator
6D = i6∂ + eγµ [Aµ, · ] (53)
we obtain
Areg(x) = −2i lim
t→0
tr
∑
a
∫
ddk
(2pi)d
(
γd+1
[
e−t6Deik·xta, e−ik·xta
])
(54)
and computing this expression for the cases of d = 2 and d = 4, we obtain the
following chiral gauge anomalies
d = 2 Areg = iN e
4pi
εµν
(
F 0µν(x− L)t0 + F 0µν(x+ L)t0 − 2F aµν(x)ta
)
d = 4 Areg = i
√
2N
e2
32pi2
(
(F aµν (x− L)F˜µνa(x − L)−
F aµν(x+ L)F˜
µνa(x+ L))t0 − 2(F 0µν(x − L)− F 0µν(x+ L))F˜µνa(x)ta
)
(55)
Notice that unlike the ordinary commutative case and the noncommutative
Moyal case, there is non-vanishing covariant anomaly in d = 4 [14],[15]. Again,
we would like to stress that in the L → 0 limit we recover the result for the
anomalies in the commutative theory because of the non-existence of the IR/UV
mixing in noncommutative dipole field theories.
As we stated in the introduction, dipole theories are not only interesting
in connection with string theory but also because of their possible relevance as
field theories in particle physics. In this respect, it has been shown that they
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show signs of CP and CPT violations, the Lorentz symmetry breaking is soften
and the possibility of constructing a dipole version of the Standard Model more
attainable [5]. In view of this, the issue of chiral and gauge anomalies in dipole
theories is a relevant question, which has been discussed in this work. Using a
path-integral approach, we have computed chiral and gauge anomalies in U(N)
dipole fermion theories. We have found non-trivial results which, in view of
the connection between the anomaly and topological densities pose in turn the
problem of studying topological solutions. We hope to discuss this aspect in
future works.
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